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SIMPLICITY OF QUADRATIC LIE CONFORMAL ALGEBRAS 


YANYONG HONG AND ZHIXIANG WU 

Abstract. In this paper, simplicity of quadratic Lie conformal algebras are 
investigated. From the point view of the corresponding Gel’fand-Dorfman bial¬ 
gebras, some sufficient conditions and necessary conditions to ensure simplicity 
of quadratic Lie conformal algebras are presented. By these observations, we 
present several classes of new infinite simple Lie conformal algebras. These 
results will be useful for classification purposes. 


1. Introduction 

The vertex algebra introduced by R.Borcherds in [3] is a rigorous mathematical 
concept of the chiral part of a 2-dimensional quantum field theory. It has been 
studied intensively by physicists since the landmark paper [3] appeared. The nota¬ 
tion of Lie conformal algebra was formulated by Kac in mans]. It is an axiomatic 
description of the operator product expansion (or rather its Fourier transform) of 
chiral fields in conformal field theory. Lie conformal algebras play important roles 
in quantum field theory, vertex algebras and infinite-dimensional Lie algebras sat¬ 
isfying the locality property in (2(Ji ■ Moreover, Lie conformal algebras have close 
connections to Hamiltonian formalism in the theory of nonlinear evolution equa¬ 
tions (see the book (T3j and references therein, and also pang salsa and many 
other papers). 

By now, there are only two classes of Lie conformal algebras, namely, the Lie 
conformal algebra gcN and its infinite subalgebras, and quadratic Lie conformal 
algebras named by Xu in m i- a quadratic Lie conformal algebra corresponds to 
a Hamiltonian pair in [16) . which plays fundamental roles in completely integrable 
systems. Moreover, it is completely determined by a Gel’fand-Dorfman bialgebra 
m ■ Central extensions and conformal derivations of quadratic Lie conformal al¬ 
gebras are studied by us in m in terms of Gel’fand-Dorfman bialgebras. 

A Lie conformal algebra is said to be finite if it is a finitely generated C[9]-module. 
Otherwise, it is called an infinite Lie conformal algebra. The structure theory, 
representation theory and cohomology theory of finite Lie conformal algebras have 
been developed in recent years (e.g.,[ffl @ El E|). A complete classification of 
finite simple (or semisimple) Lie conformal algebras is given in [1 lj . all irreducible 
finite conformal modules of finite simple (or semisimple) Lie conformal algebras are 
classified in mm and cohomology groups of finite simple Lie conformal algebras 
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with some conformal modules are characterized in [2]. However, there is a little 
progression on the study of infinite Lie conformal algebras as far as we know. 
The intensive studying infinite Lie conformal algebra is the general Lie conformal 
algebra gcN [61 0 [E2 [23 [24]. gcN plays the same important role in the theory of 
Lie conformal algebras as the general Lie algebras gin does in the theory of Lie 
algebras. In addition, some infinite Lie conformal algebras obtained from some 
known formal distribution Lie algebras are studied (e.g.mm)- 

The fundamental question in the studying infinite Lie conformal algebras is to 
classify the infinite simple Lie conformal algebras. To solve this question, we must 
construct some infinite simple Lie conformal algebras. This is the motivation of 
this paper. First, we study simplicity of quadratic Lie conformal algebras through 
the corresponding Gel’fand-Dorfman bialgebras. Some sufficient conditions and 
necessary conditions to ensure simplicity of quadratic Lie conformal algebras are 
presented. Then we construct several classes of new infinite simple Lie conformal 
algebras by using Gel’fand-Dorfman bialgebras. This will enrich the theory of 
infinite Lie conformal algebras and will be useful for classification purposes. 

This paper is organized as follows. In Section 2, the definitions of Lie confor¬ 
mal algebra and quadratic Lie conformal algebra are recalled. In Section 3, some 
sufficient conditions and necessary conditions to ensure simplicity of quadratic Lie 
conformal algebras are presented and we give a strategy to find infinite simple Lie 
conformal algebras. In Section 4, several classes of new infinite simple Lie conformal 
algebras are constructed. 

Throughout this paper, denote by C the field of complex numbers; C + is the 
additive group of C; N is the set of natural numbers, i.e. N = {0,1, 2, • • • }; Z is the 
set of integer numbers; Z + is the set of positive integer numbers. 

2. Preliminaries 

In this section, some results about Lie conformal algebras and quadratic Lie 
conformal algebras are recalled and we refer to pl| and [271 . 

Definition 2.1. A Lie conformal algebra I? is a C[9]-module with a A-bracket [•>•] 
which defines a C-bilinear map from R ® R —> i?[A], where I? [A] = R ® C[A] is the 
space of polynomials of A with coefficients in I?, satisfying 

[da\b] = — A[oa&], [ua<96] = (A + <9)[aA&], (conformal sesquilinearity) 

[<za&] = — [6_A-aa], (skew-symmetry) 

KM = [[«a&]a+^c] + KM, (Jacobi identity) 
for a, b, c £ R. 

If a Lie conformal algebra I? is a finitely generated (C[<9]-module, it is called a 
finite Lie conformal algebra; otherwise, it is said to be infinite. 

Suppose A and B are subspaces of a Lie conformal algebra R. Using the notations 
in m, we define [A,H] as the C-linear span of all A-coefficients in the products 
[oa^], where a £ A, b £ B. Notice that if A and B are both C[9]-submodules, 
then [A, B ] = [ B , A] by skew symmetry. An ideal of a Lie conformal algebra R is a 
C[9]-submodule I C R such that [R, I] C I. Every nonzero Lie conformal algebra 
has two ideals, namely 0 and itself. These two ideals are called trivial. R is abelian 
if [-R,-R] = 0. A Lie conformal algebra R is simple if its only ideals are trivial and 
it is not abelian. 
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Moreover, there is an important infinite-dimensional Lie algebra associated with 
a Lie conformal algebra. Assume that R is a Lie conformal algebra and set [a\b\ = 

Y -a( n )6. Let Coeff(-R) be the quotient of the vector space with basis a n ( a £ 
nG N 

R,n £ If) by the subspace spanned over C by elements: 

(aa) n — aa n , (a + b) n — a n — b n , ( da) n + na„_i, where a, b £ R, a £ C, n £ Z. 
The operation on Coeff(i?) is given as follows: 

(2.1) [dm,bn] = ( 7 ) 

je n \ J / 

Then, Coeff(i?) is a Lie algebra and it is called the coefficient algebra of R (see 

[IB]). 

Next, we introduce some examples of Lie conformal algebras. 

Example 2.2. Let g be a Lie algebra. The current Lie conformal algebra associated 
to g is defined by: 

Curg = C[<9] ® g, [a A b] = [a, &], a, b £ g. 

Example 2.3. The Virasoro Lie conformal algebra Vir is the simplest nontrivial 
example of Lie conformal algebras. It is defined by 

Vir = C [d\L, [L X L\ = (d + 2A )L. 

Coeff(Vir) is just the Witt algebra. 

It is shown in m that any finite simple Lie conformal algebra is isomorphic to 
either Vir or Curg, where g is a finite-dimensional simple Lie algebra. 

Definition 2.4. If R = C[9]V is a Lie conformal algebra as a free C[9]-module 
and the A-bracket is of the following form: 

[a A &] = du + Xv + w, a, b £V, 

where u : v, w £ V, then R is called a quadratic Lie conformal algebra. 

Obviously, Vir and Curg for a Lie algebra g are quadratic Lie conformal algebras. 

Definition 2.5. A Novikov algebra V is a vector space over C with a bilinear 
product o : V x V ^ V satisfying (for any a, b, c £ V): 

(2.2) (a o b) o c — a o (6 o c) = (b o a) o c — b o (a o c), 

(2.3) (a o b) o c = (a o c) o b. 

If / is a subspace of a Novikov algebra (V, o) and V o I c I, I oV C I, then I is 

called an ideal of (V, o). Obviously, 0 and V are ideals of (V, o), which are called 

trivial. ( V. , o) is called simple , if (V , o) has only trivial ideals and a o b 0 for some 
a, b £ V. 

Remark 2.6. Novikov algebra was essentially stated in [16]. It corresponds to a 
certain Hamiltonian operator and also appeared in [4] from the point of view of 
Poisson structures of hydrodynamic type. The name “Novikov algebra” was given 
by Osborn in m- 
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Definition 2.7. (see [16] or [27]) A Gelfand-Dorfman bialgebra V is a Lie algebra 
(V) [•, •]) with a binary operation o such that (V. o) forms a Novikov algebra and the 
following compatibility condition holds: 

(2.4) [a o 6, c] — [a o c, b\ + [a, b] o c — [a, c] o b — a o [ b , c] = 0, 

for a, b , and c e F. We usually denote it by (F, o, [•, •]). 

Obviously, every Lie algebra L is a Gel’fand-Dorfman bialgebra with the trivial 
Novikov algebra structure, namely aob = 0 for any a,b £ L. Similarly, any Novikov 
algebra TV is a Gel’fand-Dorfman bialgebra with the trivial Lie bracket [a, b] = 0 
for any a,b £ N. 

Moreover, there is a natural construction of GeLfand-Dorfman bialgebras from 
Novikov algebras. 

Proposition 2.8. Let (F, o) be a Novikov algebra. Define a Lie bracket [•, -]r on 
V as follows: 

(2.5) [a, b\' f 7 = k{a o b — b o a), for any a, b £ V, k £ C. 

Then, (V) o, [■, ■]“) forms a Gelfand-Dorfman bialgebra. 

Proof. It can be referred to Theorem 2.3 in PH- □ 

Let (V, o, [•, •]) be a Gel’fand-Dorfman bialgebra. For convenience, we call (F [-, •]) 
a Lie algebra over the Novikov algebra ( V , o) and ( V , o) a Novikov algebra over the 
Lie algebra (V, [•,•]). 

A subspace I of a Gel’fand-Dorfman bialgebra (F, o, [-,-]) is called a Gel’fand- 
Dorfman ideal if it is an ideal of the Lie algebra ( V , [-,-]) and an ideal of Novikov 
algebra (F, o). The zero ideal and F itself are trivial Gel’fand-Dorfman ideals 
of any Gel’fand-Dorfman bialgebra (F,o, [•,•]). The other ideals are said to be 
proper. Obviously, for a Gel’fand-Dorfman bialgebra ( V. , o, [•, •]), if (V, o) or (F, [•, •]) 
is simple, then (F, o, [•,•]) has no proper Gel’fand-Dorfman ideals. 

An equivalent characterization of quadratic Lie conformal algebras is given as 
follows. 

Theorem 2.9. (see [T6] or [27],) R = C[<9]F is a quadratic Lie conformal algebra 
if and only if the X-bracket of R is given as follows 

[oa&] = d(b o a) + [b, a] + A {b o a + a o b), a, b £ V, 

and ( V , o, [•, •]) is a Gelfand-Dorfman bialgebra. Therefore, R is called the quadratic 
Lie conformal algebra corresponding to the Gelfand-Dorfman bialgebra (V,o, [•, •]). 

Moreover, if a Gel’fand-Dorfman bialgebra is a Novikov algebra with a trivial 
Lie algebra structure, for convenience, we usually say the quadratic Lie conformal 
algebra corresponds to the Novikov algebra. 

3. Simplicity of quadratic Lie conformal algebras 

In this section, we will give some sufficient conditions and necessary conditions for 
the simplicity of quadratic Lie conformal algebras. Since the current Lie conformal 
algebra R = C[<9]g associated with a Lie algebra g is simple if and only if g is 
simple, we always assume that quadratic Lie conformal algebras are not current 
in the sequel, i.e., the Novikov algebra structure of the corresponding Gel’fand- 
Dorfman bialgebra is non-trivial. 
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To achieve our purpose, let us define a*b = aob + boa for any a, b £V, where V 
is a Gel’fand-Dorfman bialgebra. Then, (V, *) is a commutative but not (usually) 
associative algebra. In fact, * satisfies the following equality: 

(3.1) (a * b) * (c* d) — (a * d) * (c* d) = (a, b,c) * d — (a, d, c ) * b, 

where (a, b,c) = a * (b * c) — (a * b) * c, and a, b, c, d £ V. In [13], (13.11) is called 
Tortken identity , and (V, *) is called Novikov-Jordan algebra. A subspace I of a 
Novikov-Jordan algebra (V. *) is called an ideal of V if a * b £ I for any a £ I and 
b £ V. Any nonzero Novikov-Jordan algebra V has two trivial ideals 0 and V. An 
algebra (V. *) is called a simple Novikov-Jordan algebra if V has only trivial ideals 
and a * b ^ 0 for some a, b £ V. We also denote the C-span of all elements a * b by 
V * V where a, b £ V. 

Using the operation *, the A-bracket of a quadratic Lie conformal algebra is given 
as follows 

(3.2) [<2a&] = d(b o a) + [ b , a ] + A(a * b), a, b £V. 

Then, we present some necessary conditions for the simplicity of quadratic Lie 
conformal algebras. 

Proposition 3.1. If the quadratic Lie conformal algebra R = C[<9]U corresponding 
to a Gel’fand-Dorfman bialgebra (U, o, [■, ■]) is simple, then (V , o, [•, •]) has no proper 
Gel fand-Dorfman ideals. 

Proof. Suppose that I is a proper Gel’fand-Dorfman ideal of (V, o, [•, ■]). Since I is 
an ideal of (V, o), I is also an ideal of (V, *). Then, by (13.21) . it is easy to see that 
C[9]/ is a non-trivial ideal of R which contradicts with the simplicity of R. Thus, 
this proposition holds. □ 

Remark 3.2. It should be pointed out that the necessary condition in Proposition 
o is not sufficient. For example, there are non-trivial Novikov algebra structures 
over the Lie algebra sl 2 (see EH). It is obvious that these Gel’fand-Dorfman bial¬ 
gebras have no proper Gel’fand-Dorfman ideals. Since the Lie conformal algebras 
corresponding to these Gel’fand-Dorfman bialgebras do not belong to those simple 
objects classified in EH , they are not simple. 

Corollary 3.3. If a simple Lie conformal algebra R = C[<9]U corresponds to a 
Gel’fand-Dorfman bialgebra (V, o, [•, -])7) defined in Provosition \2.8\. then ( V ., o) is a 
simple Novikov algebra. 

In special, when k = 0, the Lie conformal algebra R = ( C[d}V corresponding to a 
Novikov algebra ( V, o) is simple, then (V, o) is simple. 

Proof. Assume that (V, o) is not simple. Then, there exists a non-trivial ideal I of 
(V, o). Moreover, I is not only a non-trivial ideal of (V) *), but also of (V, [•, -JjT). 
Therefore, I is a proper Gel’fand-Dorfman ideal. By Proposition EU the corre¬ 
sponding Lie conformal algebra R = C[<9]U is not simple. It contradicts with the 
assumption. Thus, (V) o) is simple. 

The second claim can be directly obtained from the first claim. □ 

Next, we begin to study some sufficient conditions for the simplicity of quadratic 
Lie conformal algebras. 
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Lemma 3.4. Let ( V,, o) be a simple Novikov algebra , and (V, *) be the corresponding 
Novikov-Jordan algebra with the operation a * b = a o b + b o a for a,b £ V. Then 
there is no any non-zero element a € V such that a * b = 0 for any b £ V. 

Proof. Conversely, if there exists some nonzero element a £ V such that a * b = 0 
for any b £ V, then a o b = —b o a. Therefore, a o a = 0. Then, by commutativity 
of right products, we have 

(3.3) (a o a) o c = (a o c) o a = — (c o a) o a = —a o(aoc) = oo(coa) = 0. 

Since (V, o) is simple, V is spanned by a o c and co a for all c £ V. Thus a o b = 
b o a = 0 for any b £ V by (13.31) . Consequently, a = 0. It contradicts with the 
assumption. □ 

Theorem 3.5. Given a Gel’fand-Dorfman bialgebra (V, o, [•, •]). If ( V. , o) is a simple 
Novikov algebra, and V = V * V, then the quadratic Lie conformal algebra R = 
C[3]V corresponding to (V, o, [•,•]) is simple. 

n 

Proof. Let I be a non-zero ideal of R and P = ^ Pi(d)ai £ /, where a* £ V 

2=0 

(0 < i < n) are linearly independent and P,.(d) £ C[9] \ {0}. Assume that the 
degrees of P m (d), ■ ■ •, P n {d) are maximal in those Pi{d), and the leading coefficients 
of P m (d), • • •, P n (d) are k rn , • • •, k n . Let the degree of P m {d) be t. For any a £ V, 

n 

(3.4) \a,P] = Y, Pi{ A + d)(d(ai o a) + A (a * af) + [a,, a]). 

2=0 

According to the coefficient of A t+1 in we obtain w = a*(k m a m + - ■ H -k n a n ) £ 
I for any a £ V. By Lemma T3.41 there exists some a £ V such that w ^ 0. Then, 
since 

[&aw] = d(w o b) + A (b * w) + [w, 6], and[w^6] = d(b o w) + A (b *w) + [b, w], 

we get d(w o b) + [«;, 6], d(b o w) + [b, w] £ I from the coefficient of A 0 for any b £ V. 
Since (V, o) is simple, du + v £ I for any u £ V, and some v £ V. By 

[b\du + w] = (A + d)(d(u o b) + A (b * u) + [u, 6]) 

+d(v o b) + A (b * v) + [u, b\, 

we obtain b * u £ I from the coefficient of A 2 for any b, u £ V. Then, by the 
assumption, V C I. Since I is a C[<9]-module, I = R, i.e., R is simple. 

□ 

Remark 3.6. When (V, o) is simple, the assumption V = V * V for (V, *) in 
Theorem 13.51 is not usually satisfied. For example, for the simple Novikov algebra 
(A. 2 , o) in Lemma ITT51 when 2b £ A, it is obvious that the element L_ 2 & ^ A-i * 

In addition, there are some natural conditions to make ( V , *) satisfy the assump¬ 
tion V = V * V. For example, (V, *) is a Novikov-Jordan algebra with a unit. In 
special, when (V, o) is simple and commutative, it is easy to see that (V, *) satisfies 
the assumption. 

Corollary 3.7. Given a simple Novikov algebra {V, o) and Let R = C[<9]C be the 
corresponding Lie conformal algebra. Then, G\d\dV C I for any nonzero ideal I of 
R. 


Proof. It can be directly obtained from the proof of Theorem 13.51 


□ 
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Lemma 3.8. If ( V , *) is a simple Novikov-Jordan algebra, then ( V, , o) is a simple 
Novikov algebra. 

Proof. If (V, o) is not a simple Novikov agebra, then there exists a non-trivial ideal 
I of V. But (I,*) is also a non-trivial ideal of (V,*). It contradicts with the 
simplicity of (V,*)- Therefore, (V, o) is a simple Novikov algebra. □ 

Proposition 3.9. Given a Gel’fand-Dorfman bialgebra (V,o, [•,■]). If (V,*) is a 
simple Novikov-Jordan algebra, then the quadratic Lie conformal algebra R = C[9]U 
corresponding to (V, o, [■, •]) is simple. 

Proof. It can be immediately obtained from Lemma 13.81 and Theorem 13.51 □ 

Under the assumption in Theorem l3.5l the simplicity of the quadratic Lie confor¬ 
mal algebra is independent with the Lie algebra structure oover (V, o). Therefore, 
Theorem 13.51 provides us a strategy to find infinite simple Lie conformal algebras: 

1. Classify infinite-dimensional simple Novikov algebras. 

2. Check whether the Novikov-Jordan algebra (V, *) satisfies the assumption V = 
V *V for the obtained infinite-dimensional simple Novikov algebra (V, o). 

3. Classify the Lie algebra structures over (V, o) if V = V * V for (V, *). 

4. Several classes of new infinite simple Lie conformal algebras 

In this section, according to several classifications of infinite-dimensional simple 
Novikov algebras given in |2U ES [Ml S2] , using the strategy mentioned in Section 
3, we introduce several infinite simple Lie conformal algebras. 

Lemma 4.1. Assume Ai = ©it^CC-Li with the product 

(4.1) Li o Lj = (j + 1 )L i+j , for all i, j > -1. 

Then, (A\, o) is a simple Novikov algebra. Moreover, for the Novikov-Jordan algebra 
(Ai,*) where * is given by 

(4.2) Li * Lj = (i+j + 2)L i+ j , for all i, j > —1, 
we obtain A\ = A\ * A\. 

Proof. It is obvious that (Ai, o) is a simple Novikov algebra and it also appears in 
[22] . In addition, it is easy to see that A\ = A\ * A±. □ 

Lemma 4.2. (see Theorem 3.1 in [22]J Any Lie algebra structure over (^, 0 ) is 
given as follows: 

(4.3) [Li, Lj] = c(i - j)L i+ j, for all i, j > -1, 
where c £ C. 

Theorem 4.3. Let CLi(c) = be a Lie conformal algebra with the 

X-bracket: 

(4.4) [ Li\Lj] = ((* + 1)9 + (i + j + 2)\)Li + j + c(j — i)Li+j , 

for all i, j > —1 and c £ C. Then, CL\(c) is a simple Lie conformal algebra for 
any c £ C. 

Proof. It can be directly obtained from Theorem 13.51 Lemma 14.11 and Lemma 14.21 

□ 
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Remark 4.4. By the definition of coefficient algebra of a Lie conformal algebra, 
it is easy to obtain that Coeff(CLi(c)) has a basis > —1 ,t £ Z} over C and 

the Lie bracket is given by 

[Lip, Lj^ s ] — ((j T l)t (i l)s)-Zyj_j_j^-j_ s _i T c(j , 

for any i, j > — 1 and t, s £ Z. 

When c = 0, C'Li(O) is introduced in [33] which is the graded algebra of general 
conformal algebra gc\. 

Next, let A be an additive subgroup of C. 

Lemma 4.5. Assume A 2 has a basis {Xq,} where a ranges over A. and products 
are given by 

(4.5) x a o xp = (/? + b)x a +p, for all a, /3 £ A. 

Then, (Ai , o) is a simple Novikov algebra. Moreover, for the Novikov-Jordan algebra 
(A 2 , *) where * is given by 

(4.6) x a * xp = (a + (3 + 2b)x a +p, for all a, ft £ A, 
we obtain A 2 = A 2 * A 2 when 2b ^ A. 

Proof. It has been shown in .33] that (^ 2 , 0 ) is a simple Novikov algebra. In 
addition, it is easy to see that when 2b ^ A, A 2 = A 2 * A 2 . 

□ 

Remark 4.6. In fact, when 2b £ A, (A 2 , *) is not a simple Novkov-Jordan algebra. 
For example, let J have a basis {s; a }, where a ranges all elements of A except —2b. 
Then, it is easy to check that J is a non-trivial ideal of ( A 2 , *). 

Lemma 4.7. (see Theorem J^.2 in m .) Any Lie algebra structure over (^ 2 , 0 ) 
when b A is of the form as follows: 

(4.7) [x a , xp\ = ^{p{P)a - p(a)p + b{p{j.3) - p(a)))x a+ p, a, (3 £ A, 
where ip : A —> C + is a group homomorphism. 

Theorem 4.8. Let CL 2 {b,p) = ©c*6AC[<9];r a be a Lie conformal algebra with the 
X-bracket: 

[x a \Xp] = ((a + b)d + (a + P + 2b)\)x a +p 

(4.8) +^{ip(a)p - p{p)a + b(<p(a) - <p(P)))x a+ p, 

for all a, P £ A and 2b A, ip : A —>• C + is a group homomorphism. Then, 
CL 2 {b, tp) is a simple Lie conformal algebra. 

Proof. Since A is an additive subgroup of C, 2b ^ A means b A. Then, this 
theorem can be directly obtained from Theorem 13.51 Lemma 14.51 and Lemma 14.71 

□ 

Remark 4.9. It is also easy to obtain that Coeff(CL 2 ( 6 , p)) has a basis {L a p\a £ 
A, i £ Z} and the Lie bracket is given by 

\La,i,Lp^j\ — (I(/J J-5) j(^t^))^a+^,!+j-l 

+i(v?(a)/3 - p{P)a + b(p(a) - p{P)))x a+f8>i+j . 
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When A = Z, CL 2 {b, 0) is studied in [15] . 

Moreover, when 2b G A, the corresponding Lie conformal algebra may not be 
simple. For example, according to Remark 14.61 when 2b G A, CL 2 {b, 0 ) has an 
ideal B = J © <C[d\dA 2 where the direct sum is the sum of vector spaces. 

Lemma 4.10. Let A 3 be a vector space with a basis {x a j\a G A, j G N}. For any 
given constant b G C, define an algebraic operation o on A 3 by 

(4.9) x a<i o xpj = (/3 + b)x a+ pp + j + jx a+ pp +j -i,a, G A, i, j G N. 

Then, (A 3 , o) is a simple Novikov algebra. Moreover, for the Novikov-Jordan algebra 
(A 3 , *) where * is given by 

(4.10) x a p * xp'j — (o (3 2b)x a +ppj r j -(- (i -t- 7 )^ 0 +^, 1 , 
we obtain A 3 = A 3 * A 3 . 

Proof. The result that (A 3 , o) is a simple Novikov algebra can be referred to The¬ 
orem 2.9 in [28]. Next, we prove that A 3 = A 3 * A 3 . 

For any a, /3 G A and a + /3 —2b , setting i = 0, j = 0 in (14.101) . we obtain 

x a +/3,o € A 3 * A 3 . Then, letting i = 1 and j = 0 and according to x a +pp G A 3 * A 3 , 
we obtain x a +p,i G A 3 *A 3 when a+/3 y^ —2b. Similarly, we can get x a +pp G A 3 *A 3 
for all j G N when a + ft y^ —2b. If a + /? = —2b, according to (14.101) . we obtain 
X -2 b,i G A 3 * A 3 for all IgN. Therefore, A 3 = A 3 * A 3 . 

□ 

Remark 4.11. It should be pointed out that the infinite-dimensional Novikov 
algebra A in [22] with a basis {L a ^\a G A, j G N} and the products given by 

^ Lct+p,i+j—l. 

is isomorphic to A 3 . The isomorphic algebra morphism if from A to A 3 is as follows: 
ip(i\L a p) —y x a p, for all a G A and iGl 

Lemma 4.12. (see Theorem 5.1 in [27] J Any Lie algebra over A 3 with b ^ A is of 
the following form: 

(4.11) [x a ,i,xpj\ = ^((a + b)tp(/3) - (/? + b)g>(a))x a+ p ti+j 

+\[ i( N > (.P) - c{/3 + b)) + j{c{a + b) - ^(a))]xa+/3,i+j-i- 

for a, (3 G A. i, j G N, where ip : A —> C + is a group homomorphism and c G C is 
a constant. 

Remark 4.13. In addition, Xu in m also presented several families of Lie algebras 
over (A 3 , o) when b G A. For example, when 0 y^ b G A, the Lie algebra structure 
defined by (14.111) is also over (A 3 ,o). When 6 = 0, three kinds of Lie algebra 
structures over (A 3 , o) are given in Remark 5.2 in l27| . For example, there is a Lie 
algebra structure over (A 3 , o) defined as follows: 

(4.12) [x a p, xp tj \ = (f>(a, (3)x a+ pp +j + (*<p(/3) - jp(a))x a+ pp +j - 1 , 

for a, j3 G A, i , j G N, where ip : A —» C + is a group homomorphism and 
</>(•,•) : A x A —y C is a skew-symmetric Z-bilinear form. 


Ba,i O — (/3 -(“ 6) 


i + j 
i 


La+fi,i+j "F 


■ 3 - 1 

i 
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Theorem 4.14. Let CLz(b,ip,c) = ® a gA,ieNC[d]a; ai i be a Lie conformal algebra 
with the X-bracket: 

3 ~ ^)'^Q+/5,i+J ~b ^a+/3,z+j —1) 

4-A((a 4-/3 4- 2 b)x a +p t i+j + (i + j)x a +fj^+j- 1) 

+\((P + %(«) ~(oi + %(/3))za+/3,i+j 

(4.13) +i[j(<p(a) -c(a + 6))+z(c(^ + 6) - <p{0))]x a+ p,i + j-u 

for all a, (3 £ A, i, j€N, cGCisa constant and b ^ 0, <p : A —> C + zs a group 
homomorphism. Then, CL^(b,ip,c) is a simple Lie conformal algebra. 

Proof. It can be directly obtained from Theorem 13.51 Lemma 14.101 Lemma 14.121 
and Remark l4.13l □ 

Remark 4.15. According to the definition of coefficient algebra of a Lie conformal 
algebra, it is easy to see that Coeff(CL 3 (b,ip,c)) has a basis {x a ,i, s \ot £ A, s £ 
N, s £ Z} and the Lie bracket is given by 

\_^OL,i,s ) (^(/3 + b) t(d A 5))x CK _(_^3 5? ;_(_j i i-(_ s _i 4“ (jS it)x a ^-p^+j—1 

+ ^((/3 + b)<p(a) - (a + &M/3))a; a+^,i+4,t+s 

+ ^[i(^(o ! ) - c(a + b)) + i(c(/3 + b) - ip(p))]x a+ p !i+j _ M+s , 

for any a, /3 G A, i, j £ N, b ^ 0 and s,t£ Z. 

In fact, according to Remark 14.131 there are many other Lie algebra struc¬ 
tures over (A 3 , o) when b £ A. Thus, following our method, there are many 
other infinite simple Lie conformal algebras. For example, when b = 0, by Re¬ 
mark 14.131 Lemma 14.101 and Theorem 13.51 there is a simple Lie conformal algebra 
CL^{(j),g}) = ® a eA,ieNC[cl]a; a) i with the A-bracket as follows: 

4“ ct+@,i+j — 1) 

+A((a + P)x a +p t i+j 4- (i + j)x a +p t i+j- 1 ) 
+<P(P,<x)x a +p,i+j + (jip(a) - itp{(3))x a+ p, l+ j_ 1 , 

for all a, (3 £ A, i, j £ N, where ip : A —> C + is a group homomorphism and 
</>(•, ■) : A x A ->■ € is a skew-symmetric Z-bilinear form. 
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